The moderately large measured value of θ 13 signals a departure from the approximate two-flavour oscillation framework. As a consequence, the relation between the value of θ 23 in nature, and the mixing angle measured in ν µ disappearance experiments is non-trivial. In this paper, we calculate this relation analytically. We also derive the correct conversion between degenerate values of θ 23 in the two octants. Through simulations of a ν µ disappearance experiment, we show that there are observable consequences of not using the correct relation in calculating oscillation probabilities.
I. INTRODUCTION
Neutrino oscillation physics has entered an era of precision measurements. Since 2011, the reactor experiments Daya Bay [1] , Double Chooz [2, 3] and RENO [4] and superbeam experiments MINOS [5] and T2K [6] have measured a non-zero value of θ 13 [7] [8] [9] . Analyses of world neutrino data [10] [11] [12] have given us the value sin 2 2θ 13 0.1, which is moderately large. Daya Bay has measured sin 2 2θ 13 = 0.089 ± 0.011 [13] , which is the most precise measurement till date. These measurements have established that θ 13 is non-zero at more than 5σ confidence level.
The solar mixing angle θ 12 and mass-squared difference ∆ 21 (∆ ij = m 2 i − m 2 j ) have been measured very accurately by SNO [14] and KamLAND [15] , respectively. Their current best-fit values are sin 2 θ 12 = 0.32 ± 0.017 and ∆ 21 = (7.62 ± 0.2) × 10 −5 eV 2 [10] . MINOS [5] has measured the mixing angle θ µµ and mass-squared difference ∆ µµ with a precision of a few percent. We use the subscript µµ to indicate that these parameters are measured from observations of muon neutrino disappearance. The values of these parameters from MINOS are sin 2 2θ µµ > 0.90 (90% C.L.) and |∆ µµ | = (2.32 ± 0.1) × 10 −3 eV 2 [16] . In the twoflavour oscillation scenario (neglecting the small parameters ∆ 21 and θ 13 ), the muon neutrino survival probability P µµ depends on sin 2 2θ µµ = sin 2 2θ 23 and |∆ µµ | = |∆ 31 |. Because this probability depends on the magnitude but not the sign of |∆ 31 |, we cannot determine the neutrino mass ordering or hierarchy. Moreover, this function is symmetric about θ 23 = 45
• , which gives rise to the octant degeneracy. Thus, the currently unknown parameters in standard three-flavour neutrino oscillation physics are -(a) the neutrino mass hierarchy (normal hierarchy (NH): ∆ µµ > 0 or inverted hierarchy (IH): ∆ µµ < 0), (b) the CP-violating phase δ CP and (c) the octant of θ µµ (lower octant (LO): θ µµ < 45
• or higher octant (HO):
It is possible for the mass hierarchy to be determined by the upcoming experiment NOνA itself, if the value of δ CP in nature is in the favourable range [17] . Combined data from multiple experiments [18] [19] [20] , experiments with longer baselines [21, 22] and atmospheric neutrino experiments [23, 24] can also determine the hierarchy. The measurement of δ CP is difficult but possible, thanks to the non-zero value of θ 13 . This requires very intense beams at short baselines [25] . In this work, we concentrate on the precision measurement of the atmospheric mixing angle.
θ 23 is the largest of the mixing angles in the leptonic and quark sectors. Its near-maximal value is indicative of a symmetry of nature in the µ − τ sector [26, 27] . In many theoretical models, the deviation of θ 23 from maximality is related to the deviation of θ 13 from zero [27] .
Thus, the precision measurement of this angle, and determination of its octant can play an important role in constructing new models of physics.
In this paper, we discuss the measurement of θ 23 and its octant, particularly in light of moderately large θ 13 , which gives rise to three-flavour effects. In Ref. [28, 29] , the authors had shown that due to three-flavour effects, the mass-squared difference ∆ µµ measured in muon disappearance experiments is not ∆ 31 , but a linear combination of ∆ 31 and ∆ 21 . The same calculation also indicates that the mixing angle θ µµ measured in these experiments is not the same as θ 23 . While this result has been seen in the literature before (in Ref. [30] ) and more recently in Ref. [12] , we present a detailed study of this effect in this paper. We pay particular attention to the effect of choosing the 'wrong' definition (θ 23 = θ µµ ) in analyses.
In Section II, we have outlined the calculation that indicates the relation between ∆ µµ , θ µµ and ∆ 31 , θ 23 . We have also found analytic expressions relating deviations from maximality in the two octants. In this work, our aim is to highlight a physics point, rather than study the capability of any particular experiment. However, in order to make our point clearer,
we have presented the results of some simulations, in Section III. Finally, in Section IV, we have summarized our findings.
II. CALCULATIONS
The P µµ oscillation probability in the three-flavour scenario (ignoring matter effects) is given by
where we have used the shorthand notation∆ ij = ∆ ij L/4E. Here, U αi are the elements of the 3×3 PMNS matrix. This probability is sensitive to all six standard oscillation parameters -three mixing angles, two mass-squared differences and the CP phase. In interpreting the result of oscillation data in terms of two-flavour oscillations, we attempt to express the probability in the simple form
that involves only two parameters. Recasting the full six-parameter formula as a simple two-parameter formula results in a non-trivial relation between ∆ µµ and ∆ 31 , and between θ µµ and θ 23 . In this calculation, we will consistently retain only terms upto linear order in
Ignoring the last term in Eq. 1, we have
Here we introduce the notation
Note that u 1 + u 2 = 1. This notation lets us write
Using the fact that ∆ 32 = ∆ 31 − ∆ 21 and ignoring the term that is quadratic in ∆ 21 , a little algebra gives us
We rewrite this as
where
.
We ignore the quadratic term in the square root, and we note that β = tan
. This gives us our final result
On comparing with the two-flavour formula, we can make the association
which is the result expressed in Ref. [28] . Moreover, we also find that
This means that sin θ 23 = sin θ µµ / cos θ 13 or sin θ 23 = sin(90
In other words, given a value of sin 2 2θ µµ , there are two degenerate allowed values of θ µµ :
θ LO µµ (in the lower octant) and θ HO µµ (in the higher octant). These are related by The spread in θ 13 gives the shaded band in the figure.
The main point to be noted here is the asymmetry of the band about the θ 23 = 45 Assuming small deviations, we can linearize Eq. 11. This gives us
which implies
We will use these relations to interpret the results of our simulations.
In Ref. [30] We illustrate this through simulations, in the next section.
III. SIMULATIONS
As we have mentioned before, our aim is to illustrate the difference between choosing the 'wrong' definition: θ 23 = θ µµ and the 'right' definition: θ 23 = sin −1 (sin θ µµ / cos θ 13 ). In order to show the experimentally observable effects of this choice, we have simulated the NOνA experiment using the GLoBES package [17, [31] [32] [33] [34] [35] [36] . In this section, we discuss the results of our simulations.
We have used the standard NOνA setup [17] , with a 14 kton totally active scintillator detector placed 810 km away from the NuMI beam at a 14 mrad off-axis location. The beam, with a power of 0.7 MW, is assumed to run for three years each with neutrinos and antineutrinos. We have taken the energy resolution for ν µ to be 0.06 E(GeV ) [36] . Backgrounds from NC events have also been taken into account. For the oscillation parameters, we have chosen sin 2 θ 12 = 0.304, sin 2 2θ 13 = 0.1, ∆ 21 = 7.6 × 10 −5 eV 2 , ∆ µµ = 2.4 × 10 −3 eV 2 and δ CP = 0, unless specified otherwise.
In Fig. 2 since the effect of their variation is small. The mass hierarchy is assumed to be normal.
In Fig. 3 , we have plotted the sensitivity to θ 23 for true θ µµ = 40
• . As the test value of Finally, in Fig. 5 In this paper, we have only presented the results for the case where NH is the true hierarchy, and true δ CP = 0. However, we have verified that these results hold for IH, and for a number of values of δ CP .
IV. CONCLUSIONS AND SUMMARY
In this study, we have discussed the effect of three-flavour mixing on our measurement of θ 23 . We have calculated the relation between the value of θ 23 in nature, and θ µµ that is measured in muon disappearance experiments. The difference between these two numbers is significant, in light of the measured value of θ 13 . 
